G. K. Pedersen have pointed out ([11, 1.3] ) that if si is the algebra C(S 2 ), the algebra of complex-valued continuous functions on S 2 , then there exists a projection in Mι{si) which is not unitarily equivalent to any diagonal projection. However, we do expect a positive answer for a large class of C*-algebras.
The author has proved ( [22] ) that if si is a C*-algebra with FS, then every projection in M n (si) or in L{βί^) is Murray-von Neumann equivalent to a diagonal projection. In this note, we will strengthen the previous results to unitary equivalence or homotopy. We prove that if j/ is a C* -algebra with FS (not necessarily (7-unital) , and if p is a projection of the multiplier algebra M(si), then every projection q of si is homotopic to a projection q' = pγ+Pi, where p\ is a projection of psip and P2 is a projection of (1 -p)si (1 -p). As a special case, by induction we conclude that every projection in M n (si) is homotopic to a diagonal projection. This yields partial answers for Questions 7 and 8 raised by M. A. Rieffel in [18] . If si is cr-unital and {e n } is a fixed sequence of mutually orthogonal projections of si such that Σ™ =1 e n = 1, we prove that every projection in M(si) is unitarily equivalent to a diagonal projection and homotopicto a block-diagonal projection with respect to the decomposition J2nL\ e n = 1 As a consequence, every projection in L(β&) is unitarily equivalent (and hence homotopic) to a diagonal projection. In addition, the unitary orbits of self-adjoint elements of si or M(si) are considered.
The class of C*-algebras with FS includes many interesting subclasses of C*-algebras. Obviously, AF algebras, the Calkin algebra, von Neumann algebras and ^4W*-algebras have FS. The BunceDeddens algebras have FS ( [2] ). All purely infinite, simple C* -algebras have FS ([24, Part I (1.3)] and [25] ); in particular, the Cuntz algebras & n and &A , where 2 < n < oo and A is an irreducible scalar matrix, have FS. Certain irrational rotation C*-algebras have FS ( [9] ). Many corona and multiplier algebras have FS ( [5] , [24, Part I] and [24, Part IV]). L. G. Brown and G. K. Pedersen have recently proved ( [5] ) that a C*-algebra sf has FS if and only if M n (s/) has FS for all n > 1 and s/ has FS if and only if si has real rank zero. In [21] , [22] , [23] and [24] the author has investigated the multiplier and corona algebras of C*-algebras with FS from various angles. (Actually these conditions are also sufficient for q to be a projection.) We will start with the idea in [6] and then go further to construct a projection q 1 = (fj(. K) such that both σ(a f ) and σ(c') are finite sets, and q' is close to q in norm. Let 0 < δ < 1 be a fixed positive number and ε be another positive number such that 3ε < δ. Since si has FS, there exists a positive element c\ in (1 -p)s/(\ -p) with a finite spectrum such that It is obvious that Since ||(1 -e)b*b(l -e) -(1 -e)(c λ -c 2 ){\ -e)\\ < 3ε and ||(1 -e)(c\ -c 2 )(l -e)\\ < δ, it is easily seen that (4) \\b(l-e)\\<y/3e + δ.
Notations,
Since eb*be > (δ -3ε)e, then By [12, 126] and (3), we can choose ε small enough such that (6) By (4) and (6) Since
Since (1 -ά)b = be, p(l -a)b = bp{c) for any polynomial p(t).
Approximating (5), (10) and (11) 2 , and so by (12) .
If δ is fixed small enough and ε is chosen small enough, then \\faf-αo|| can be arbitrarily small if C\ satisfies (1). Moreover, by properly choosing δ > 0, ε and C\ in a similar way we can require that \\(p -f)af\\ is less than any preassigned positive number. This can be done as follows.
Since a -a 2 = bb* and the spectral mapping theorem, it is clear \\b\\ < 1/2. Since (1 -a)b = be, we have
It follows that
ε_ Ί δ where we use (1), (3), (5) and the facts:
As a consequence of the last estimate and (8), for any 0 < λ < 1/2, we can fix δ small enough and then choose ε small enough such that
. This is because of the following estimates:
Combining all above estimates, we first fix λ small enough, then fix δ small enough, and then choose ε small enough and c\ satisfying (1) so that each term on the right-hand side of (16) is small. Then \\q -#'|| is small. It is clear that σ(pq'p) = σ(f 0 + #o) is a finite set. The last sentence in the statement of this lemma is well known. D ( Since q is a projection, όc = (1 -α)Z>. Approximating by polynomials, we obtain that bg (c) = g(l -a) Proof. It suffices to prove the case if n = 2. If n > 2, we simply employ the same proof recursively n -1 times by induction to reach the conclusion.
LEMMA. Suppose that srf is a C*-algebra (not necessarily σ-unίtaΐ) and p is a projection in M{srf). If q is a projection in si
We write 
Ci(t) = f t (c'{) ,
r" -r" 2
ai(t)=p-f t (p-a!l-JΪ).
Then 
Diagonalizing projections in sf and in M n (sf).
Since we will frequently employ the following well-known fact in this paper, we state it as a lemma. Proof. Let v be a partial isometry in si such that vv* = p and υ*υ = q. Define w = v + v* + (\ -p -q). Then w is a selfadjoint unitary in M{si) such that w*pw = q . It is well known that w E I/oGΌ It follows that p ^ q .
•
THEOREM. Suppose that si is a C*-algebra with FS and p\, P2> ••• >Pn {n > 1) 0f£ mutually orthogonal projections in M(sf) such that Σ"
qι is a projection in si such that q t < pi for I < i < n.
Proof. Recursively using Lemma (2.1) and Lemma (2.2), we reach the conclusion. D
The following theorem can be regarded as an analogue of the wellknown fact: Every projection in M n (C) is homotopic to a diagonal projection whose entries are either 1 or 0. Proof. Of course we need only to show that p ~ q implies p « q. Since M n (sf) has FS, by Theorem (3.2) we have p « q\ + <?2 > where q x is a subprojection of q and ^2 is a subprojection of 1 -q . Proof. Since M n (s/) has FS, there is a self-adjoint element h in M n (sf) with finite spectrum such that \\x -h\\ < e. By the same argument as in the proof of Corollary (3.5) we can find a unitary element u in U^(s/) such that uhu* = Σ"=x a ι ®^ύ : , where {#/} is a set of self-adjoint elements in J/ with finite spectra. Therefore, uxui=\ = \\x -h\\ < ε. π 3.7. REMARK. Concerning the computation of ΛΓ 0 -grouρs of a C*-algebra, M. A. Rieffel raised a question in [18, 8] : What is the smallest n such that the projections in M n (sf) generate KQ(S/)Ί Theorem (3.3) provides a partial answer for his question for the class of C*-algebras with FS (actually it has been given in [22] although it was not mentioned there). In fact, if J/ is a C*-algebra with FS, then the smallest such an integer is n = 1 in other words, K 0 (s/) is generated by the set of Murray-von Neumann equivalence classes of projections in srf . Before proving this theorem, we state the following corollary, which can be regarded as an analogue of the well known fact that a projection on a separable Hubert space is unitarily equivalent to a diagonal projection whose diagonal entries are either 1 or 0.
THEOREM. Assume that si is a C*-algebra with FS and n >

Diagonalizing projections in Λ/(jy
COROLLARY. If stf is a σ-unital C*-algebra with FS, and if p is a projection in L(<%^), then there is a unitary u in L{β^)
such that upu* = Y^ίiPi ®eu, where {/?/} is a sequence of projections in ssf . Consequently, p « Y%L X Pi ® en (by [8] ).
Proof of Theorem (4.1).
Case 1. If p is a projection of si . Choose n > 1 large enough such that \\p{\ -e n )p\\ is small. Then Lemma (2.1) of [10] applies. We find a unitary u in UQ(M{S/)) such that upu* < e n . By Theorem (3.2), p « upu* « Σ?=iPι» where /?/ < e, -e/_i for I <i <n. Hence both (i) and (ii) hold. Define w' = ΣHi w r Then w' is a unitary in M{sf) such that tί;' is path connected to the identity, where the path is continuous in the strict topology. Set u = w'wυ . Then u is path connected to the identity, where the path is continuous in the strict topology. It is easily verified that uhu* has a desired form. (Notice that {λι} is equal to {λij} as sets.) D 4.5. REMARKS, (i) The condition " M(sf) has FS" in the hypotheses of Theorem (4.3) and Corollary (4.4) has been studied in [5] , [21] and [24] . Actually many multiplier algebras have the FS property.
(ii) Several applications of the results in this note have been given in the author's subsequent papers [24, Part II, III, IV].
